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Abstract
Diﬀusional isotope fractionation occurs in geochemical processes (such as magma mixing, bubble growth, and crystal
 b
m
growth), even at magmatic temperatures. Isotopic mass dependence of diﬀusion is commonly expressed as DDji ¼ mji , where
Di and Dj are diﬀusion coeﬃcients of two isotopes whose masses are mi and mj . How the dimensionless empirical parameter b
depends on temperature, pressure, and composition remains poorly constrained. Here, we conducted a series of ﬁrst-principles
molecular dynamics simulations to evaluate the b factor of Mg isotopes in MgSiO3 and Mg2SiO4 melts using pseudo-isotope
method. In particular, we considered interactions between Mg isotopes by simultaneously putting pseudo-mass and normalmass Mg atoms in a simulation supercell. The calculated b for Mg isotopes decreases linearly with decreasing temperature at
zero pressure, from 0:158  0:004 at 4000 K to 0:121  0:017 at 2200 K for MgSiO3 melt and from 0:150  0:004 at 4000 K to
0:101  0:012 at 2200 K for Mg2SiO4 melt. Moreover, our simulations of compressed Mg2SiO4 melt along the 3000 K
isotherm show that the b value decreases linearly from 0:130  0:006 at 0 GPa to 0:060  0:011 at 17 GPa. Based on our diffusivity results, the empirically established positive correlation between b and solvent-normalized diﬀusivity (Di/DSi) seems to
be applicable only at constant temperatures or in narrow temperature ranges. Analysis of atomistic mechanisms suggests that
the calculated b values are inversely correlated with force constants of Mg at a given temperature or pressure. Good agreement between our ﬁrst principles results with available experimental data suggests that interactions between isotopes of major
elements must be considered in calculating b for major elements in silicate melts. Also, we discuss diﬀusion-controlled crystal
growth by considering our calculated b values.
Ó 2020 Elsevier Ltd. All rights reserved.
Keywords: Isotope fractionation; Diﬀusivity; First-principles computation; Silicate melts

1. INTRODUCTION
Many geological processes have been taking place in
diverse magmatic systems, e.g. crystal and bubble growth
from silicate melts, melt-rock interaction, and magma
recharge and mixing. An important geochemical ﬁngerprint left by these igneous processes is stable isotope
⇑ Corresponding author.

E-mail address: hluo5@lsu.edu (H. Luo).
https://doi.org/10.1016/j.gca.2020.08.028
0016-7037/Ó 2020 Elsevier Ltd. All rights reserved.

composition of elements. Owing to improved isotope measurement techniques, variations in stable isotope compositions between minerals and within a mineral can be
detected. Both equilibrium and kinetic eﬀects may fractionate isotopes according to their mass diﬀerences. The
degree of equilibrium isotope fractionation generally
decreases with increasing temperature, resulting in smaller
fractionation in magmatic systems than at surface
temperatures (Bigeleisen and Mayer, 1947; Urey, 1947).
Non-equilibrium isotope fractionation processes depend
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on kinetic isotope eﬀects and reaction progress. Apparent
isotope fractionation can be large even at magmatic temperatures, e.g. heavy isotope enrichment in residues during
evaporation. (e.g. Clayton et al., 1988; Davis et al., 1990;
Wang, 1994; Knight et al., 2009; Richter et al., 2009a,
2002, 2007; Zhang et al., 2014; Mendybaev et al., 2017).
Another process that may lead to large isotope fractionation at magmatic temperatures is diﬀusion, including thermal diﬀusion (e.g. Richter et al., 2008, 2009a, 2014; Huang
et al., 2009, 2010; Dominguez et al., 2011; Lacks et al.,
2012; Fortin et al., 2019) and chemical diﬀusion (e.g.
Richter et al., 1999, 2003, 2008, 2009a, 2009b; Teng
et al., 2006; Watkins et al., 2009, 2011, 2014; Dauphas
et al., 2010; Teng et al., 2011; Chopra et al., 2012; Sio
et al., 2013, 2018; Oeser et al., 2015; Fortin et al., 2017;
Holycross et al., 2018; Wu et al., 2018).
Chemical diﬀusion may cause signiﬁcant isotope fractionation in both silicate minerals and melts. A comprehensive review of the theories of isotope separation by
diﬀusion in silicate minerals was given by Van Orman
and Krawczynski (2015). Diﬀusive separation of isotopes
in silicate melts was found to play important role in three
common geochemical processes, magma mixing (Richter
et al., 1999; Chopra et al., 2012), crystal growth (Watson
and Müller, 2009; Antonelli et al., 2019), and bubble
growth (Fortin et al., 2017; Watson, 2017). To interpret
measured isotope data and recover thermal evolutions
and time scales of these processes, we must ﬁrst determine
the magnitude of diﬀusional isotope fractionation and its
possible relationships with temperature, pressure, and
composition.
Isotopic mass dependency of diﬀusion is commonly
expressed as (Richter et al., 1999):
 b
Di
mj
¼
ð1Þ
Dj
mi
where Di and Dj are diﬀusion coeﬃcients of two isotopes
whose masses are mi and mj and b is a dimensionless empirical parameter. For an ideal monatomic gas, b ¼ 0:5, as
predicted by kinetic theory of gases (Chapman, 1970).
However, it has been diﬃcult to predict diﬀusional isotope
fractionation factors in liquids because diﬀusing units interact constantly with their nearest neighbors, making it diﬃcult to identify the true diﬀusing species. As a result, the b
factor based on isotopic mass is expected to be lower than
0.5 and be dependent on variables, such as temperature,
pressure, and chemical composition.
Several experiments have been conducted to calibrate
mass-dependent diﬀusivities of isotopes in silicate melts
and the b factors for diﬀerent elements (Li, Mg, S, Cl,
Ca, Fe, Ge) were found to range from 0 to 0.22 (Richter
et al., 1999, 2003, 2008, 2009b; Fortin et al., 2017, 2019;
Watkins et al., 2009; Watkins et al., 2011, 2014;
Holycross et al., 2018). Watkins et al. (2011) conﬁrmed
compositional eﬀects on b in albite-anorthite and albitediopside diﬀusion couple experiments. Goel et al. (2012)
studied the pressure dependence of b by performing molecular dynamics (MD) simulations of MgSiO3 melt from 0 to
50 GPa. In comparison, the temperature dependence of b
has so far not been resolved in experiments. A possible

explanation is that the limited range of temperatures
explored by experiments is insuﬃcient to reveal the variations of b due to relatively large uncertainties associated
with isotope measurement and necessary diﬀusion proﬁle
modeling. First-principles molecular dynamics (FPMD)
simulations have provided reliable atomistic insights into
the structural and dynamical properties of silicate melts
over the entire Earth’s mantle conditions (e.g., Stixrude
and Karki, 2005; Ghosh and Karki, 2011; Bajgain et al.,
2015; Caracas et al., 2019; Solomatova and Caracas,
2019). It is expected that FPMD results may provide reliable constraints on diﬀusional isotope fractionation parameters, including the eﬀects of temperature, pressure, and
composition, as well as those related to atomic mechanisms.
The work of Liu et al. (2018) is so far the only FPMD
simulation study on diﬀusive separation of isotopes in silicate melts. They simulated MgSiO3 and Mg2SiO4 melts at
0 GPa and obtained a b value of 0:272  0:005 for Mg isotopes in MgSiO3 melt at 4000 K, and b of
0:184  0:006; 0:245  0:007, and 0:257  0:012 for Mg isotopes in Mg2SiO4 melts at 2300, 3000 and 4000 K, respectively. From the experimental side, Richter et al. (2008)
reported b ¼ 0:050  0:005, in basalt-rhyolite diﬀusion couple experiments at 1400 °C and 1 GPa and Watkins et al.
(2011) obtained a Mg b factor of 0:100  0:010 in albitediopside diﬀusion couple experiments at 1450 °C and 8
kbar. Based on classical MD simulations, Goel et al.
(2012) calculated a b value of 0:135  0:008 for Mg in
MgSiO3 melt at 4000 K and 0 GPa. The results from diﬀusion experiments and classical MD simulations are all much
smaller than those of Liu et al. (2018). Liu et al. (2018)
attributed the discrepancy between experiments and their
FPMD simulations to large temperature and compositional
diﬀerences and they suggested speciﬁcally the disparity
between classical MD and FPMD simulations is due to different methods used in handling interatomic potentials. All
Mg atoms with normal mass were substituted by another
set of Mg atoms with same pseudo mass in their simulations
(Liu et al., 2018). This full substitution approach does not
consider the interaction a heavy isotope of a major element
is having with its ambient other lighter isotopes of the
major element. Our hypothesis is that the use of the full
substitution approach enlarges the diﬀerence in diﬀusion
coeﬃcients of isotopes of interest and results in an overestimation of the b value.
In the present study, we replace the full substitution
approach with a partial substitution approach, as it better
corresponds to a realistic scenario. We examined diﬀusional
Mg isotope fractionation in MgSiO3 and Mg2SiO4 melts at
4000, 3000, 2500, and 2200 K around zero pressure, as well
as Mg2SiO4 melts at 8 and 17 GPa, at 3000 K. Simulations over wide temperature and pressure ranges allowed
us to examine the eﬀects of temperature and pressure on
b and to probe into microscopic mechanisms of diﬀusional
isotope eﬀect. The relationship between b and solventnormalized diﬀusivities (Di/DSi) was also examined. A
diﬀusion-controlled crystal growth model (Watson and
Müller, 2009) was used to brieﬂy discuss the eﬀects of our
calculated b on isotope fractionation between a growing
crystal and melt.
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2. METHODS
We used ﬁrst-principles molecular dynamics (FPMD)
technique within local density approximation (Ceperley
and Alder, 1980) and projector augmented wave method
(Blochl, 1994; Kresse and Joubert, 1999) as implemented
in the Vienna Ab-initio Simulation Package (Kresse and
Furthmüller, 1996). An energy cutoﬀ of 400 eV and the
gamma point sampling were used. A canonical ensemble
(NVT) with periodic boundary conditions was adopted
using a cubic supercell consisting of 16 MgSiO3 units
(16 Mg, total 80 atoms) and 16 Mg2SiO4 units (32 Mg, total
112 atoms). The initial structure was melted at 8000 K and
then quenched down to 6000, 4000, 3000, 2500, and ﬁnally
to 2200 K. The Mg2SiO4 melt at 3000 K was then compressed to reach two upper mantle pressures, 8.1 and 17
GPa. Further details of these simulations can be found elsewhere (Ghosh and Karki, 2011; Karki, 2010).
To simulate diﬀusion of Mg isotopes, we use pseudoisotope approach by considering isotope masses M* = 1,
6, 24, 48, 120 g/mol, as was done in Liu et al. (2018). The
interactions between Mg isotopes were considered by substituting half (8/16 for MgSiO3 and 16/32 for Mg2SiO4)
of the normal Mg (M* = 24) with one type of Mg
pseudo-isotopes (e.g. M* = 1) in each simulation. Two simulations of substituting diﬀerent fractions (6/32, 24/32) of
normal Mg in Mg2SiO4 melts at 4000 K were also conducted. Two full substitutions (16/16 for MgSiO3 and
32/32 for Mg2SiO4) were tested for comparison with the
results of Liu et al. (2018) who used the full substitution
approach. This comparison also allowed us to assess the
ﬁnite size eﬀect because Liu et al. (2018) used larger supercells consisting of 32 MgSiO3 units and 32 Mg2SiO4 units.
Finite size eﬀect under half substitution was also checked
with 160 atoms (32 MgSiO3 units) in one simulation at
4000 K. We also explored the inﬂuence of the choice of
exchange-correlation functional by conducting two simulations with generalized gradient approximation (GGA)
pseudopotential in MgSiO3 and Mg2SiO4 melts at 4000 K.
In all our simulations, a time step of 1 femtosecond was
used. To achieve an acceptable convergence, we ran simulations of Mg2SiO4 and MgSiO3 melts with durations ranging
from 50 to 300 picoseconds, and from 150 to 550 picoseconds, respectively (Table 1).
The self-diﬀusion coeﬃcient Da of species a in melts
(which represents a pseudo Mg isotope in our case) can
be derived using the Einstein relation (Einstein, 1956):

2
h !
r ðt þ t 0 Þ  !
r ðt Þ ia
ð2Þ
Da ¼ lim
t!1
6t
where !
r ðtÞ denotes the particle trajectories and h  i repa

resents average mean square displacement (MSD) over
time and over all atoms of the species a from diﬀerent
time origins t0 . Each simulation was divided into 4 blocks
after removing the last 30% data due to poor statistics at
the end and the standard error (SE) of block-averaged
self-diﬀusion coeﬃcients was calculated. Conﬁdence intervals on Da are reported as ± 2SE. Given a trade-oﬀ
between time limit and precision of Da (Bourg and
Sposito, 2007; Bourg and Sposito, 2008; Bourg et al.,
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2010), we approximated the inﬁnite time limit in Eq. (2)
by averaging Da for the ﬁrst picosecond after a clear diffusive regime is reached as discussed in Section 3.1. b in
Eq. (1) for Mg isotopes at each temperature can be
derived from the ﬁtted lines in the plot of lnðD24 =Da Þ versus lnðM a =M 24 Þ. Conﬁdence intervals on lnðD24 =Da Þ were
calculated by error propagation. The errors of b were
given by the linear ﬁtting.
To analyze the eﬀects of local environment on diﬀusional Mg isotope fractionation, we examine MgAO bonding and coordination environments. This requires the
calculation of the radial distribution function between Mg
and O atoms:


1
dN B ðrÞ
gAB ðrÞ ¼
ð3Þ
4pqB c2
dr
where qB is the number density of O atoms and N B is the
number of O atoms within a sphere of radius of r around
a selected atom of type A (which is Mg isotope here). The
mean MgAO bond length is given by a weighted average
of all distances covered by the ﬁrst peak (McQuarrie, 1976):
R rAB
min
^
rg ðrÞdr
A
r AB ¼ R0rAB AB
ð4Þ
min
gAB ðrÞdr
0
where rAB
min is the position of the ﬁrst minimum after the ﬁrst
peak in the gAB ðrÞ. Note that the mean MgAO bond length
is somewhat larger than the position of the ﬁrst peak due to
the asymmetry of the peak. The mean atomic coordination
of Mg with respect to O can be calculated as
Z rAB
min
C AB ¼ 4pqB
r2 gAB ðrÞdr
ð5Þ
0

where A ^ B represent Mg isotope and O, respectively, in
our case.
3. RESULTS
3.1. MSD and diﬀusion coeﬃcients
A typical MSD curve consists of an initial ballistic
regime (MSD  t2), followed by an intermediate regime,
and ﬁnally the diﬀusive regime (MSD  t) from which the
diﬀusion coeﬃcient is estimated. An example of MSD and
corresponding calculated diﬀusion coeﬃcients of Mg isotopes using Eq. (2) in Mg2SiO4 melt at 4000 K is shown
in Fig. 1. The MSD-time curves of diﬀerent pseudoisotopes are clearly separated from each other (Fig. 1a &
c). The MSD-time curves of 24Mg are also separated from
each other in the diﬀusive regime, although the diﬀerences
are much smaller (Fig. 1b & c). Diﬀusion coeﬃcients of
Mg isotopes calculated from the corresponding MSDtime curves at all other conditions in Mg2SiO4 and MgSiO3
melts are shown in Figs. S1 and S2. The residence time of
the diﬀusing atom(s) in the intermediate regime is sensitive
to temperature, pressure, and composition. Longer simulations are required to obtain converged diﬀusion coeﬃcients
at decreased temperatures or increased pressures. Owing to
a comparatively lower proportion of Si with respect to Mg,
the diﬀusive regime is reached faster in Mg2SiO4 melts than
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Table 1
Diﬀusivities of Mg isotopes (with mass M a ), Si and O, MgAO bond length, coordination number, and bond break rate in Mg2SiO4 and MgSiO3 melts at diﬀerent temperatures around zero
pressure (±1 GPa) under half substitution of 24Mg. Noted that MgAO bond break rate is based on 24Mg data. Diﬀusivity data with other substitution ratios is reported in Table S1.
Time (ps)

M a (g/mol)

Da (109 m2/s)

9
D24
m2/s)
Mg (10

DSi (109 m2/s)

DO (109 m2/s)

d Mg-O (Å)

Z Mg-O

1=sMg-O (ps1)

Mg2SiO4

2200
2200
2200
2200
2500
2500
2500
2500
3000
3000
3000
3000
4000
4000
4000
4000

300
300
300
300
250
250
250
250
100
100
100
100
50
50
50
50

1
6
48
120
1
6
48
120
1
6
48
120
1
6
48
120

4:42  0:06
3:39  0:16
2:31  0:09
1:82  0:12
7:82  0:49
5:99  0:28
3:94  0:30
3:23  0:09
15:7  0:9
12:0  0:2
7:76  0:28
6:32  0:39
43:0  1:4
30:5  2:9
19:7  0:6
15:9  0:9

3:26  0:14
2:89  0:19
2:57  0:14
2:17  0:11
5:74  0:07
4:86  0:17
4:35  0:56
3:97  0:22
11:6  1:0
10:3  0:6
8:75  0:29
8:52  0:74
25:8  0:6
24:8  2:3
21:5  2:6
20:1  0:7

0:68  0:04
0:74  0:06
0:55  0:02
0:50  0:01
1:39  0:09
1:16  0:03
1:06  0:08
1:00  0:03
3:34  0:18
3:10  0:28
2:78  0:04
2:45  0:13
12:2  0:4
10:6  1:2
9:75  0:75
9:85  0:92

0:94  0:02
0:89  0:04
0:78  0:01
0:73  0:01
1:72  0:05
1:46  0:02
1:54  0:02
1:31  0:00
4:77  0:06
4:58  0:08
4:00  0:08
3:42  0:17
17:1  0:6
15:7  0:3
13:7  1:3
13:7  0:2

2:124
2:125
2:122
2:125
2:127
2:126
2:126
2:127
2:131
2:132
2:135
2:138
2:140
2:153
2:148
2:140

4:96
4:99
4:96
4:99
4:84
4:83
4:84
4:87
4:71
4:65
4:71
4:76
4:45
4:51
4:52
4:45

2:49
2:48
2:48
2:48
2:79
2:76
2:80
2:78
3:29
3:28
3:28
3:34
4:19
4:12
4:11
4:15

MgSiO3

2200
2200
2200
2200
2500
2500
2500
2500
3000
3000
3000
3000
4000
4000
4000
4000

550
550
550
550
450
450
450
450
300
300
300
300
150
150
150
150

1
6
48
120
1
6
48
120
1
6
48
120
1
6
48
120

3:53  1:03
2:55  0:24
1:54  0:25
1:15  0:11
5:30  0:35
4:69  0:10
3:39  0:33
2:60  0:22
14:3  0:8
10:5  2:5
6:72  0:62
5:49  0:09
41:1  2:6
28:6  1:9
18:7  3:7
15:8  0:5

2:59  0:27
2:04  0:05
1:81  0:06
1:52  0:13
3:97  0:25
4:08  0:05
3:82  0:48
3:36  0:24
9:45  1:07
8:97  0:34
7:54  0:51
7:74  0:39
25:0  2:9
23:4  2:2
22:0  1:9
20:1  1:1

0:36  0:01
0:25  0:03
0:24  0:01
0:17  0:01
0:60  0:01
0:70  0:05
0:57  0:04
0:56  0:02
2:50  0:13
2:01  0:10
1:74  0:12
1:73  0:12
10:5  0:3
9:90  0:81
9:63  0:55
8:63  0:30

0:47  0:01
0:33  0:01
0:33  0:01
0:25  0:01
0:81  0:05
0:99  0:01
0:76  0:03
0:73  0:01
3:21  0:03
2:84  0:10
2:27  0:10
2:22  0:10
13:9  0:5
12:8  0:2
12:3  1:0
10:9  0:4

2:110
2:111
2:111
2:115
2:123
2:120
2:121
2:115
2:128
2:128
2:128
2:125
2:143
2:136
2:142
2:143

4:74
4:82
4:79
4:85
4:81
4:74
4:78
4:70
4:64
4:64
4:65
4:65
4:47
4:40
4:46
4:47

2:47
2:44
2:50
2:49
2:88
2:82
2:82
2:83
3:33
3:36
3:28
3:34
4:28
4:30
4:25
4:27
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Fig. 1. (a and b) Mean square displacement (MSD) of several Mg isotopes (1Mg, 6Mg, 24Mg, 48Mg, 120Mg) as a function of time in
1
Mg24MgSiO4, 6Mg24MgSiO4, 48Mg24MgSiO4, and 120Mg24MgSiO4 melts (namely, half of 24Mg atoms are substituted) at 4000 K and zero
pressure (±1 GPa). MSD curves of 24Mg are expressed by dashed lines of the same color as their corresponding pseudo-isotopes in
simulations. The ballistic regime (MSD  t2) and diﬀusive regime (MSD  t) are also shown. (c) Diﬀusion coeﬃcients of Mg isotopes (1Mg,
6
Mg, 24Mg, 48Mg, 120Mg) calculated from the corresponding MSD curves in (a and b).

in MgSiO3 melts, which becomes more evident at lower
temperatures.
3.2. Dependence of b on the substitution ratio, ﬁnite size, and
exchange-correlation functional
The plots of lnðD24 =Da Þ versus lnðM a =M 24 Þ in Mg2SiO4
melts with diﬀerent ratios of Mg atoms substituted at
4000 K around zero pressure are shown in Fig. 2a. Calculated b values from linear regression lines are
0:158  0:019 for ‘6sub’ (6 out of 32 24Mg atoms substituted), 0:154  0:004 for ‘16sub’ (half substitution),
0:157  0:020 for ‘24sub’ (24 out of 32 24Mg atoms substituted), and 0:272  0:004 for ‘32sub’ (full substitution). No
signiﬁcant diﬀerence is found between partial substitution

groups. However, the b for Mg isotopes of full substitution
(32sub) is much larger than the three b values under partial
substitutions. The overestimation of b under full substitution is also seen in MgSiO3 melts. As shown in Fig. 2b, calculated b values are 0:158  0:009 for ‘8sub_80’ (half
substitution) and 0:253  0:005 for ‘16sub_80’ (full substitution). The two b values under full substitution are comparable to the results of Liu et al. (2018) in which doubled-size
supercells were used, suggesting that ﬁnite size eﬀect on b
may be negligible when compared with 80 and 112 atom
simulation cells. The b calculated in the doubled-size supercell (32MgSiO3 units, total 160 atoms) with half (16/32) of
24
Mg atoms substituted is 0:151  0:008 (Fig. 2b), indicating that the ﬁnite size eﬀect on b is insigniﬁcant within
uncertainty as well. The b derived using GGA-PBE
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Fig. 2. (a) lnðD24 =Da Þ as a function of lnðM a =M 24 Þ in Mg2SiO4 melts with diﬀerent fractions of 24Mg atoms substituted by pseudo-isotopes
(1Mg, 6Mg, 48Mg, 120Mg) at 4000 K and 0 GPa (±1 GPa). ‘6sub’ represents that 6 out of 32 24Mg atoms were substituted. ‘32sub’ represents
that all 24Mg atoms were substituted. M a represents the pseudo-mass of Mg isotopes (1, 6, 24, 48 and 120 g/mol), and Da is the corresponding
diﬀusion coeﬃcient. The b values calculated from linear ﬁtting are 0:158  0:019 for ‘6sub’, 0:154  0:004 for ‘16sub’, 0:157  0:020 for
‘24sub’, and 0:272  0:004 for ‘32sub’. (b) lnðD24 =Da Þ as a function of lnðM a =M 24 Þ in MgSiO3 melts at 4000 K and 0 GPa (±1 GPa). ‘8sub_800
represents that 8 out of 16 24Mg atoms were substituted. ‘16sub_800 represents that all 24Mg atoms were substituted. ‘16sub_160’ represents
the results of simulations doubled in system size (32MgSiO3 units, total 160 atoms) with half (16/32) of 24Mg atoms substituted. The
calculated b values are 0:158  0:009 for ‘8sub_800 , 0:253  0:005 for ‘16sub_800 , and 0:151  0:008 for ‘16sub_160’.

functional are 0:177  0:008 and 0:173  0:010 for Mg2SiO4
and MgSiO3 melts at 4000 K (Fig. S3), respectively, suggesting the choice of exchange-correlation functional has
a small systematic eﬀect on the value of b.
3.3. Temperature dependence of Mg pseudo-isotope
diﬀusivities
The calculated diﬀusion coeﬃcients of Mg pseudoisotopes in Mg2SiO4 and MgSiO3 melts around zero pressure at 2200, 2500, 3000, and 4000 K are given in Table 1.
The diﬀusivities of Mg pseudo-isotopes display a positive
correlation with temperature and a negative correlation
with mass (Fig. 3a & c). Meanwhile, the diﬀusivities of
24
Mg display a negative correlation with the mass of the
other Mg pseudo-isotope (Fig. 3b & d). The linear trends
in the logarithmic plot can be described by the Arrhenius
relation:


Ea
Da ¼ D0a exp
ð6Þ
RT
where R is the gas constant, a represents Mg isotope, and
the ﬁt parameters are given in Table 2. For 1Mg, 6Mg,
48
Mg, and 120Mg, the predicted pre-exponential factor
(D0a ) decreases with increasing Mg isotopic mass. The predicted activation energies (Ea ) do not show any deﬁnite
trend with mass and remain around 88 and 100 kJ/mol
for Mg2SiO4 and MgSiO3 melts, respectively. These results
are comparable to previous ﬁrst-principles computations
(Karki, 2010; Ghosh and Karki, 2011).

3.4. Pressure dependence of Mg pseudo-isotope diﬀusivities
The calculated pressure proﬁles of diﬀusional Mg isotope fractionation in Mg2SiO4 melts depict compressioninduced suppression of diﬀusivities (Table 3). The lighter
Mg-isotopes display relatively higher diﬀusion rates than
those of the heavier ones at all pressures. Meanwhile, the
diﬀusivities of 24Mg display a negative correlation with
the mass of the other Mg pseudo-isotopes.
3.5. Temperature, pressure, and composition dependence of b
In addition to the calculated set of b values based on Eq.
(1) for Mg isotopes in Mg2SiO4 and MgSiO3 melts at each
temperature using the direct FPMD diﬀusivity results, we
can also extract the diﬀusion coeﬃcients of Mg isotopes
according to the ﬁtted Arrhenius relation (Table 2) and
then derive another set of b values. We report the ﬁtted
results in the plots of b vs. 1/T (Fig. 4a). The calculated b
values from the direct FPMD data and from Arrhenius
relation display a same linear correlation with 1/T for
MgSiO3 and Mg2SiO4 melts, respectively, i.e.

Mg2 SiO4 : b
¼ ð0:210  0:013Þ  ð0:024  0:004Þ
 104 =T ð2200 K
< T < 4000 K; 0 GPaÞ:

ð7Þ
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Fig. 3. (a–d) Diﬀusion coeﬃcients of several Mg isotopes (1Mg, 6Mg, 24Mg, 48Mg, 120Mg) as a function of temperature in Mg2SiO4 and
MgSiO3 melts with half of 24Mg substituted around zero pressure (±1 GPa). Diﬀusion coeﬃcients of 24Mg are expressed by the same solid
circles as their corresponding pseudo-isotopes in simulations.

Table 2
Arrhenius ﬁt parameters for the temperature variations of the diﬀusivities of diﬀerent Mg isotopes (with mass M a ) in Mg2SiO4 and MgSiO3
melts around zero pressure (±1 GPa) under half substitution of 24Mg.
M a (g/mol)

D0a (109m2/s)

Ea (kJ/mol)

M a (g/mol)

D0a (109 m2/s)

Ea (kJ/mol)

Mg2SiO4

1
6
48
120

664  77
440  21
263  21
220  12

92:2  2:6
89:2  1:1
87:1  1:8
87:8  1:3

24
24
24
24

329  19
349  25
287  18
313  22

84:2  1:3
88:1  1:6
86:6  1:4
90:7  1:6

MgSiO3

1
6
48
120

872  290
551  27
376  65
376  59

102:8  7:5
98:7  1:1
99:6  3:9
105:0  3:6

24
24
24
24

413  99
463  29
435  67
483  84

94:3  5:4
98:8  1:4
99:8  3:5
104:3  3:9

3:44
3:49
3:47
3:46
3:40
3:44
3:42
3:42
5:65
5:72
5:65
5:73
6:17
6:27
6:19
6:09
2:139
2:139
2:138
2:139
2:129
2:130
2:123
2:122
4:27  0:12
3:65  0:07
3:30  0:09
2:97  0:08
3:32  0:09
2:98  0:05
2:70  0:05
2:45  0:01
6:46  0:32
6:13  0:61
5:68  0:21
4:94  0:63
4:37  0:11
4:03  0:29
3:07  0:27
2:68  0:06
Mg2SiO4

8.1
8.1
8.1
8.1
17.0
17.0
17.0
17.0

150
150
150
150
150
150
150
150

1
6
48
120
1
6
48
120

8:57  0:82
6:51  0:40
4:91  0:13
4:11  0:17
5:60  0:59
4:36  0:44
2:98  0:16
2:59  0:34

2:52  0:19
2:17  0:09
1:93  0:05
1:77  0:07
2:02  0:09
1:72  0:08
1:47  0:06
1:23  0:05

Z Mg-O
d Mg-O (Å)
DO (109 m2/s)
9
D24
m2/s)
Mg (10

DSi (109 m2/s)

MgSiO3 : b
¼ ð0:203  0:034Þ  ð0:018  0:009Þ

Da (109 m2/s)
M a (g/mol)
Time (ps)
P (GPa)

24

Table 3
Diﬀusivities of Mg isotopes (with mass M a ), Si and O, MgAO bond length, coordination number, and bond break rate in Mg2SiO4 melts at 3000 K under 8.1 and 17 GPa with half of
substituted. Noted that the results at 0 GPa are given in Table 1.

1=sMg-O (ps1)

H. Luo et al. / Geochimica et Cosmochimica Acta 290 (2020) 27–40
Mg

34

 104 =T ð2200K
< T < 4000 K; 0 GPaÞ;

ð8Þ

The errors of intercept and slope are given by the linear
ﬁtting of direct FPMD data.
The b values in Mg2SiO4 melts at 3000 K under upper
mantle pressures are calculated using the direct FPMD diffusivity results. As shown in Fig. 4b, the calculated b show
a near linear negative correlation with pressure, i.e.
Mg2 SiO4 : b
¼ ð0:131  0:002Þ
 ð0:004  0:000ÞP ð0 GPa
< P < 17 GPa; 3000 KÞ:

ð9Þ

4. DISCUSSION
4.1. Comparison with previous studies
Based on FPMD simulations, Liu et al. (2018) calculated b for Mg isotopes in Mg2SiO4 and MgSiO3 melts
around zero pressure. Their 4000 K results for Mg2SiO4
and MgSiO3 melts are, respectively, 0:257  0:012 and
0:272  0:005, which are consistent with our FPMD values
of 0:272  0:004 in Mg2SiO4 melt and 0:253  0:005 in
MgSiO3 melt (Fig. 2) around zero pressure under full substitution. However, these b values under full substitution
are much larger than the results of partial substitution
under which the interaction between Mg isotopes was considered. The reason why a full substitution approach leads
to the overestimation of b can be qualitatively explained by
a simpliﬁed example as shown in Fig. 5. Compared to the
two separate systems with pure 24Mg and pure 26Mg,
respectively (Fig. 5a), mixing of the two Mg isotopes results
in the decrease of diﬀusivity in 24Mg and the increase of diffusivity in 26Mg, shrinking the diﬀerence between their diffusivities (Fig. 5b & c). It is because the mobility of one Mg
ion is inﬂuenced by other ambient Mg ions even though
they do not bond with each other directly. Furthermore,
we found out that the fractions of substitution do not signiﬁcantly change the b because a larger fraction of 26Mg
results in the decrease of diﬀusivities in both 24Mg and
26
Mg (Fig. 5c). In terms of diﬀusion experiments of isotopes, the diﬀerence between full substitution and partial
substitution shown here implies that b for major elements
will be over-estimated if it is derived from two separate diffusion experiments with pure light isotopes and pure heavy
isotopes, respectively, although no one has yet done such
experiments to calibrate b for major elements.
Previous experiments reported a b of 0:050  0:005 in
basalt-rhyolite melts at 1400 °C (Richter et al., 2008) and
a b of 0:100  0:010 in albite-diopside melts at 1450 °C
(Watkins et al., 2011). Assuming the temperature dependence of b predicted in the present study is also valid at
lower temperatures, our calculated b in Mg2SiO4 and
MgSiO3 melts are 0:067 and 0.095, respectively, at


1400 C, and 0:071 and 0.099, respectively, at 1450 C.
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Fig. 4. (a) Correlation of b with the inverse of temperature (1/T) calculated based on original (direct FPMD) diﬀusivity data and recalculated
diﬀusivity data by Arrhenius model. Noted that original diﬀusivity data and recalculated diﬀusivity data give the same linear ﬁtting results. (b)
Correlation of b with pressure with the red line being a linear ﬁt.

These results are in broad agreement with experimental
data. The most likely explanation of the remaining discrepancies in b values is chemical composition eﬀect (Watkins
et al., 2011). Our FPMD results also show that the b
decreases nearly linearly with pressure increasing from 0
to 17 GPa in Mg2SiO4 melt at 3000 K. The negative correlation between b and pressure was also predicted by a classical MD simulation study (Goel et al., 2012). Their results
for Mg isotopes in MgSiO3 melts at 4000 K are
0:135  0:008; 0:092  0:006, and 0:084  0:016 at 0, 25,
and 50 GPa, respectively. Their b value at 4000 K and 0
GPa is only slightly smaller than our calculated b of
0:158  0:009 in MgSiO3 melt (Fig. 2), but the b-P behavior
shows a somewhat diﬀerent trend compared to our results.
In addition to the composition eﬀect between Mg2SiO4 and
MgSiO3 melts, a possible explanation is that, unlike classical MD simulations that use empirical potentials, our
FPMD method handles interactive forces quantum
mechanically.
4.2. Correlation between b and solvent-normalized diﬀusivity
As water molecules play the role of solvent in aqueous
tetrahedral units are usually
solutions, the ðSi; AlÞO4
4
regarded as the solvent ion in silicate melts. Previous experiments and classical MD simulations of silicate melts and
aqueous solutions showed that the magnitude of diﬀusive
separation of isotopes (b) has a broadly positive correlation
with solvent-normalized diﬀusivity (Dsolute/Dsolvent)
(Watkins et al., 2011, 2017). This implies that, the easier
the cation can decouple from the motion of liquid matrix,
the larger isotope fractionation by diﬀusion can be. At same
temperatures, we observed a similar positive correlation
between b for Mg isotopes and DMg/DSi (Fig. 6a). However, with temperature decreasing, b decreases with increasing DMg/DSi in Mg2SiO4 and MgSiO3 melts, respectively
(Fig. 6a). To clarify, we used b values calculated from recalculated diﬀusivity data by Arrhenius model in all ﬁgures in

the DISCUSSION part. The observed opposite relationship
between b and DMg/DSi can be explained if DMg/DSi cannot
fully represent the extent of coupling between diﬀusing Mg
and the motion of melt matrix. Although DMg/DSi is higher
at lower temperatures, DMg itself is smaller, which means
that it takes Mg atoms longer time to hop from site to site.
The previously observed positive correlation between b and
Di/DSi (Fig. 6b) is probably due to similar temperatures
(1350–1500 °C) used in experiments except for element
Li in Holycross et al. (2018). In conclusion, this positive
correlation is applicable only at a constant or narrowly
deﬁned temperature range.
4.3. Atomic mechanism of b
Although Di/DSi is not a good indicator of b over a wide
temperature range, the basic idea that the extent of coupling between diﬀusing ions and melt matrix determines
the b may still hold. Here we examine the eﬀects of structural and dynamical properties on b. The inﬂuence of melt
structure on diﬀusive separation of Mg isotopes can be
assessed by examining the correlations of b with MgAO
bond length, MgAO coordination number, and force constant of Mg. Force constants of Mg were calculated by
extracting 20 snapshots of respective FPMD simulations
at least 2 ps apart and using ﬁnite displacement scheme
by ﬁxing all atoms except the Mg of interest whose position
was optimized. Force constants of Mg for the 16 sites in
MgSiO3 snapshots and 32 sites in Mg2SiO4 snapshots were
averaged, respectively. MgAO bond break rates (the inverse
of bond lifetime) were computed to investigate the eﬀect of
dynamical properties on b.
As shown in Fig. 7, if we only consider temperature variations of b in Mg2SiO4 and MgSiO3 melts, respectively, b
positively correlates with MgAO bond length (Fig. 7a),
and negatively correlates with MgAO coordination number
(Fig. 7b), and negatively correlates with force constant of
Mg (Fig. 7c), and positively correlates with MgAO bond
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Fig. 5. A simpliﬁed example showing the qualitative changes of diﬀusivities of Mg isotopes at diﬀerent substitution fractions. (a) full
substitution; (b) substituting one 24Mg with 26Mg. (c) Only one 24Mg is not substituted.

break rate (Fig. 7d). All the four correlations imply that the
stronger Mg couples with melt matrix, the smaller diﬀusional Mg isotope fractionation will be. However, it is questionable whether some of the four correlations are pseudo
or indirect. In considering pressure variations of b in Mg2SiO4 melts, we can clearly see that MgAO bond length and
bond break rate fail to show the positive correlations with
b. In Fig. 7a, MgAO bond length in Mg2SiO4 melts at
3000 K increases from 2:134  0:003 Å at 0 GPa to
2:138  0:001 Å at 8.1 GPa, but the corresponding b
decreases from 0:130  0:006 to 0:099  0:011. A similar

anomalous trend is also seen in the plot of b vs. MgAO
bond break rate (Fig. 7d), revealing that the negative correlation of b with residence times of water molecules found in
aqueous solutions (Bourg and Sposito, 2007; Bourg and
Sposito, 2008; Bourg et al., 2010) is not applicable to the
case of melts at elevated pressures. Instead, the correlation
of b with force constant of Mg remains broadly consistent.
It is worth noting that although the characteristics such as,
bond length, coordination number, and bond breaking rate
are statistically very reliable, they depend on the choice of
the cutoﬀ distance used in calculating them. On the con-
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Fig. 6. Relationship of b with (a) DMg/DSi in Mg2SiO4 and MgSiO3 melts at 4000, 3000, 2500, and 2000 K around zero pressure (±1 GPa), as
well as Mg2SiO4 melts at 3000 K under 8.1 and 17 GPa, and (b) Di/DSi in silicate melts. Experimental data are from Richter et al. (2003, 2008,
2009b), Watkins et al. (2011), and Holycross et al. (2018).

Fig. 7. Correlations of b with (a) MgAO bond length, and (b) MgAO coordination number, and (c) force constant of Mg, and (d) the inverse
of average MgAO bond lifetimes in Mg2SiO4 and MgSiO3 melts at 4000, 3000, 2500, and 2000 K around zero pressure, as well as Mg2SiO4
melts at 3000 K under 8.1 and 17 GPa.
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trary, calculation of force constant in quantum mechanical
simulations involves optimization at the electronic level and
is thus robust. We therefore stress that the force constant
could be the intrinsic factor determining diﬀusional isotope
fractionation, especially in considering temperature and
pressure variations of b at the same time. More extensive
FPMD simulations and explorations of theoretical basis
of b may help to conﬁrm the correlation.
4.4. Geological implications
Three common geochemical processes associated with
isotope fractionation by chemical diﬀusion in silicate melts
are crystal growth, bubble growth, and magma mixing.
Using our computational results, we can estimate Mg isotope composition of a rapidly growing crystal from magma
based on a diﬀusion-controlled crystal growth model
(Watson and Müller, 2009). Bubble growth is not considered because Mg is not a volatile element. Discussion on
isotope fractionation by chemical diﬀusion during magma
mixing can be found in several previous studies (Chopra
et al., 2012; Goel et al., 2012; Richter et al., 1999; Richter
et al., 2003). Watson and Müller. (2009) proposed that
non-equilibrium isotope fractionation could be signiﬁcant
during rapid crystal growth, which was conﬁrmed by the
observation of large kinetic Ca isotope fractionation
(>2‰) in experimental and natural samples of plagioclase
phenocrysts during magmatic plagioclase crystallization
(Antonelli et al., 2019). Goel et al. (2012) brieﬂy discussed
Mg isotope fractionation during crystallization of olivine
based on their calculated b in MgSiO3 melt at 4000 K.

Assuming equilibrium isotope fractionation is negligible
and the boundary-layer thickness is small compared to
crystal radius, an approximate solution of the steady-state
d26 Mg fractionation between olivine and crystal is
(Watson and Müller, 2009):



D26
R  BL
d26 Mg ¼ 1000 1 
ð1  K Þ
ð10Þ
D26
D24
where D26 and D24 are the diﬀusivities of 26Mg and 24Mg in
the melt, respectively, R is the olivine growth rate (m/s), BL
is the boundary layer thickness (m), and K is the equilibrium partition coeﬃcient of Mg in the olivine vs. the melt.
We calculated the d26 Mg using extrapolated b based on
Eq. (7) at 1500 and 1400 K. One of our goals was to check
the eﬀects of the temperature dependence of b on the d26 Mg.
It is shown (Fig. 8) that the d26 Mg of olivine becomes more
negative with decreasing temperature at any given olivine
growth rate mainly due to R=D value increases with
decreasing temperatures. In contrast, ignoring the temperature dependence of b, i.e. using b calculated at 4000 K,
would have resulted in a signiﬁcant overestimation of the
isotope fractionation between olivine and melt at 1500
and 1400 K. It is worth noting that Mg-Fe inter-diﬀusion
during olivine growth also fractionates Mg isotopes, but
in an opposite way. Newest single olivine crystal diﬀusion
couple experiments estimated bMg ¼ 0:09  0:05 without a
resolvable temperature dependence at 1200, 1300, and
1400 °C (Sio et al., 2018). Possible similarities or diﬀerences
between diﬀusive separation of isotopes in melts (or glasses)
and in high-temperature crystals remain to be determined.
In addition, we noticed that the calculated b in Mg2SiO4
melts decreases at a rate of about 0.004 per GPa at
3000 K, resulting from the stronger coupling between the
mobility of Mg and the silicate melt network (Fig. 6a)
and from the increasing force constants of Mg as pressure
increases (Fig. 7c). Although the temperature (3000 K) we
considered here do not readily apply for the natural silicate
melts that may exist at shallower depths of the present-day
Earth, a basic idea we can obtain is that the pressure dependence of b is insiginiﬁcant in the Earth’s crust but may
become a concern once the pressure diﬀerence reaches several GPa.
5. CONCLUSIONS

Fig. 8. d26 Mg in an olivine phenocryst as a function of its growth
rate. Diﬀusivities of normal Mg, DMg ¼ expð7:92  26222=T Þ
ð1543 K < T < 1753 KÞ, are taken from experiments of olivine
dissolution in basaltic melt (Zhang et al., 2010). The boundary
layer thickness is assumed to be 100 mm. The olivine/melt partition
coeﬃcients
for
Mg
are
taken
from
logK ¼ 3740=T  1:87ð1423 K < T < 1573 KÞ
(Roeder
&
Emslie, 1970). Necessary extrapolations of our calculated b and
experimental data for DMg and K are used. The two solid lines are
based on the extrapolated b using Eq. (7). The two dotted lines are
based on the calculated b at 4000 K. The lines of same color
represent same temperature.

We presented a partial substitution, pseudo-mass
approach in calculating b for major elements in silicate
melts based on FPMD simulations. The discrepancy
between calculated b for Mg in previous FPMD simulations and in classical MD simulations or from experimental
results is resolved after considering the interaction between
Mg isotopes in melts. As long as the interaction between
isotopes of the major element is considered by simultaneously putting pseudo-mass and normal-mass atoms in each
simulation box, the speciﬁc substitution ratios yield no signiﬁcant change. Our calculated b values for Mg in Mg2SiO4
and MgSiO3 melts around zero pressure decrease with
decreasing temperature. The b in Mg2SiO4 melts at
3000 K decreases with increasing pressure. A negative cor-
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relation between the calculated b and solvent-normalized
diﬀusivity (DMg/DSi) from 4000 to 2200 K suggest that
the previously proposed empirical positive correlation
between b and solvent-normalized diﬀusivity only applies
to data at a constant temperature. Among the four structural and dynamical properties of Mg, i.e., MgAO bond
length, MgAO coordination number, force constant of
Mg, and MgAO bond break rate, force constant of Mg is
found to be most consistent with the variations of b.
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